This paper derives new formulations for designing dominant pole placement based proportionalintegral-derivative (PID) controllers to handle second order processes with time delays (SOPTD). Previously, similar attempts have been made for pole placement in delay-free systems. The presence of the time delay term manifests itself as a higher order system with variable number of interlaced poles and zeros upon Pade approximation, which makes it difficult to achieve precise pole placement control. We here report the analytical expressions to constrain the closed loop dominant and nondominant poles at the desired locations in the complex s-plane, using a third order Pade approximation for the delay term. However, invariance of the closed loop performance with different time delay approximation has also been verified using increasing order of Pade, representing a closed to reality higher order delay dynamics. The choice of the nature of non-dominant poles e.g. all being complex, real or a combination of them modifies the characteristic equation and influences the achievable stability regions. The effect of different types of non-dominant poles and the corresponding stability regions are obtained for nine test-bench processes indicating different levels of open-loop damping and lag to delay ratio. Next, we investigate which expression yields a wider stability region in the design parameter space by using Monte Carlo simulations while uniformly sampling a chosen design parameter space. The accepted data-points from the stabilizing region in the design parameter space can then be mapped on to the PID controller parameter space, relating these two sets of parameters. The widest stability region is then used to find out the most robust solution which are investigated using an unsupervised data clustering algorithm yielding the optimal centroid location of the arbitrary shaped stability regions. Various time and frequency domain control performance parameters are investigated next, as well as their deviations with uncertain process parameters, using thousands of Monte Carlo simulations, around the robust stable solution for each of the nine test-bench processes. We also report, PID controller tuning rules for the robust stable solutions using the test-bench processes while also providing computational complexity analysis of the algorithm and carry out hypothesis testing for the distribution of sampled data-points for different classes of process dynamics and non-dominant pole types.
Introduction
The dynamic behaviours of many industrial processes are affected and governed by significant amount of time delays in the control loops. The time delay is caused by the flow of information, energy and transport of physical variables, computer processing time etc. (Normey-Rico & Camacho 2007) . The introduction of the time delay makes the continuous time closed loop system to have an infinite order (Åstrӧm & Wittenmark 2011) upon exponential series expansion of the delay term ( Ls e  ) which is difficult to handle with a finite term controller (Michiels et al. 2002) . To alleviate this problem, there have been several works to design controllers for such systems e.g. in (Zhong 2006) . It is well known that most of the controllers used in the process industries are of PID type (Ǻstrӧm & Hägglund 1995) (Zhong 2006) due to its simplicity and ease of implementation, nice disturbance rejection, tracking performance etc. Amongst many other available approaches, the Internal Model Control (IMC) based tuning of PID controllers has been quite popular to handle First Order Plus Time Delay (FOPTD) and Second Order Plus Time Delay (SOPTD) processes, as well as Integral Process with Dead Time (IPDT) (Shamsuzzoha & Lee 2007; Rivera et al. 1986 ) because of its good robustness on uncertain plants. Another approach on the design of smith predictor augmented PID controller to handle time delay processes have been reported in (Astrom et al. 1994 ) which yields improved tracking and load disturbance rejection performances. A modified methodology is proposed with combined Smith predictor and PID controller in (Matausek & Micic 1996) considering challenging higher order integrating plants with delays. However the main drawback of this method is that it cannot handle unstable process with delay (Normey-Rico & Camacho 2007) , unless an additional observer is used (Furukawa & Shimemura 1983) . To overcome these problems of complicated time delay processes, the model predictive control (MPC) has got attention by many researchers but there are only few results for time delay systems (Ellis & Christofides 2015) . Initially the MPC was developed mainly to control slower processes as it requires large computational burden for prediction and optimisation-based control. MPC controller design for time delay systems is mostly an open area and there are only few results like (Holis & Bobál 2015) . Another important area is designing output feedback controller (De la Sen 2005) as well as state feedback controller (Michiels et al. 2010 ) for stabilizing time delayed systems which are gradually gaining increased attention. In the literature some control algorithms are proposed using linear matrix inequalities (LMIs) for time delayed systems e.g. (Niculescu 1998) to enforce robustness and several closed loop performance measures. Despite having these results, traditional pole placement remained quite challenging for time delay systems because of its increased or even infinite order.
In this paper, we propose an analytical formulation for dominant pole placement tuning of PID controllers to handle SOPTD systems. This is due to the fact that in many process industries, the dynamical behaviours in a large variety of self-regulating processes can be modelled using the SOPTD template with the flexibility of showing both sluggish and oscillatory open loop dynamics as well as different lag to delay ratio or normalized dead time (O'Dwyer 2009) . PID controllers are traditionally tuned by various means like time and frequency domain performance criteria or design specifications (Cominos & Munro 2002) . Amongst many available approaches, the dominant pole placement method has been quite promising as the designer can specify his demand of closed loop performance, as the equivalent second order system's damping ratio, time constant or natural frequency (Wang et al. 2009 ). Amongst previous approaches, dominant pole placement based PID controller design for delay free second order systems have been addressed in (Saha et al. 2012 ) (Das, Halder, et al. 2012 ) whereas its time delay version has been extended in this paper and the method has been verified on several test-bench SOPTD plants.
A continuous pole placement method (controlling the rightmost root of the closed loop system and shift it to the left half of the s-plane in quasi-continuous way) has been proposed to design a semiautomated pole placement based state feedback controller for retarded (Michiels et al. 2002) and neutral type (Michiels & Vyhlidal 2005) delay systems. By this method, the closed loop roots lying in the extreme right-hand side is shifted to the far possible left-hand side. However, the methodology does not allow direct pole placement for SOPTD system and only monitoring the real part of the roots. To overcome the above problem another methodology is proposed in (Michiels et al. 2010) which combines direct pole placement and the minimization of the spectral abscissa for determining controller parameters in retarded time-delay systems. There are some other approaches on stability analysis of time delayed single input single output (SISO) systems to derive controller gains by computing the root locus. Using the characteristic equation which leads to a transcendental equation in the presence of delays which is also known as the quasi-polynomial, several methods have been proposed to construct the root locus which creates horizontal asymptotes (Krall 1970; Yeung & Wong 1982; Huang & Li 1967) . Other root locus based stabilization methods are also reported to analyse state space models with input delay (Engelborghs et al. 2001) , state delay or both (Suh & Bien 1982) by using the root locus.
The PID controller tuning by direct pole assignment is found to be a difficult approach for time delay systems, as the time delay in a process makes the closed loop system to have an infinite order. Therefore, to handle time delay systems, the direct pole placement in complex s-plane is not recommended as suggested in the pioneering work on dominant pole placement tuning in (Wang et al. 2009 ). The methodology in (Wang et al. 2009 ) also suggested a Nyquist based design for frequency domain stabilization of the time delay systems using PID controllers. The main hurdle with the pole placement for delay systems has been the fact that the exponential delay term in Laplace domain (i.e. Ls e  ), manifests itself as very high order transfer function upon approximations using Pade/Routh methods of a specified order (Silva et al. 2007) . Therefore, such a pole placement approach will need relocation of many open loop poles at a time with a compact finite term (three-term for PID) controller when the number of interlacing pole-zeroes, arising due to the approximation of the time delay term are too many to handle for a chosen order of approximation. In our derivations, the order and approximation method are considered to be fixed. In particular, we apply a third order Pade approach to approximate the time delay term in the process model. Therefore, it can be considered as a new area of research to get a clearer picture of the dominant pole placement design for time delay systems where the task is to handle many poles and zeros of the combined plant and delay with finite number of controller parameters. To demonstrate the methodology, SOPTD processes with various delay to lag ratio have been used which shows the strength of the algorithm for even quite challenging plants e.g. delay dominant systems with low open loop damping which are much harder to control using standard PID controller tuning methods.
Theoretical formulation
In this section, the dominant pole placement based PID controller design has been shown to handle SOPTD systems. The time delay term has been approximated using a third order Pade's approximation instead of considering it as transcendental term in the quasi-polynomial (Silva et al. 2007 ). The co-efficient matching based pole placement method has been described previously in (Ǻstrӧm & Hägglund 1995) (Kiong et al. 1999) for the control of delay free systems. We apply here a similar co-efficient matching method to design dominant pole placement based PID controller gains using the characteristic equation having third order Pade approximation of the delay term. Now, let us consider the open loop SOPTD process can be represented by:
which is to be controlled by the PID controller 2 ( )
Then the closed loop system with PID controller can be written as:
Again, using a third order Pade approximation for the time delay term ( 
It is evident from (5) that the closed loop process has six poles and five zeros which can be modulated using suitable choice of the three controller gains  , ,
As the closed loop system in (5) has six poles, the corresponding desired closed-loop characteristic polynomial should also contain six roots out of which two must meet the equivalent desired closed loop system specifications.
Rest of the four non-dominant poles can be allowed to have different characteristics e.g. all four complex conjugate poles, all four real poles, two real and two complex conjugate poles which have been described in the following sub-sections along with the respective derivations for the dominant pole placement tuning. 
K K , there can be many possible solutions for Kp. The most robust expression for selecting Kp can be found out by comparing the stabilizing regions for all these expressions having the highest volume, compared to the same with the others. This is determined by drawing uniformly distributed random samples from a chosen design parameter space with a specified range and then evaluating the stability at each of these sampled points, as determined by the real part of the closed loop poles being negative.
In order to show this, we use Monte Carlo simulations by sampling the design specifications system's DC-gain K has not been investigated here, since it simply decreases all the three PID controller gains in a linear fashion. However, the effect of other parameters may be complicated and therefore needs to be explored rigorously using Monte Carlo simulations which is adopted next. m   , the closed loop system may be stable, but the closed loop performance is expected to vary widely within this entire stability region. Such thousands of randomly sampled guess values for the design specifications yielding stable closed loop systems can be quantified as a fraction of the accepted stable samples to the total number of samples drawn from the entire design specification space. For a more robust system design, the method producing largest stabilizing volume in the design parameter space or the equivalent controller parameter space should be selected.
For the set of stabilizing controller gains, we also calculate various closed loop performance measures like set-point tracking, disturbance rejection, control effort to investigate their trade-offs (Das & Pan 2014) , peak sensitivity and complementary sensitivity functions etc. ) signifying parametric robustness and high frequency measurement noise rejection performances respectively. We also demonstrate here the wide applicability of our proposed approach on three (Panda et al. 2004 ) (Wang et al. 2009 ).
Pole placement PID controller design with all non-dominant complex conjugate poles
Now, as discussed in (Kiong et al. 1999 ) (Ǻstrӧm & Hägglund 1995) in order to ensure guaranteed dominant pole placement with PID controllers, let us consider that the closed loop system (5) has six complex (conjugate) poles. Amongst these six, two of them are dominant meeting the desired closed loop design specifications 
In order to find out the controller parameters using the co-efficient matching method which is also reported in (Kiong et al. 1999 ) (Ǻstrӧm & Hägglund 1995) 
Now the characteristic polynomial in terms of the desired closed loop poles in (6) can also be written as: 
For comparing the coefficients of these two characteristic polynomials, after dividing (7) by 
It is observed from (9) 
The desired characteristic polynomial (10) can be expanded and rearranged according to the power of Laplace variable s, as required for the coefficient matching with that of the open loop system with PID controller in (7), which yields:
    
Now in a similar way dividing (7) 
Here also, the two PID controller gains   
Again, dividing (7) 
8 .
Similar to the previous cases,   3. Designing robust stable PID controller and evaluation of different closed loop performance measures 3.1.
Determining the robust stable solutions using centroid of the stability region
We here use the k-means clustering algorithm to determine the centroid of the stability region in the PID controller space which can have a complex shape in the 3D parameter space of the controller gains   , ,
The stability regions are determined for nine classes of SOPTD plants and it is also checked that a single centroid represents the stability regions of a unimodal distribution in the controller parameter space. Otherwise if a multi-modal distribution is discovered, indicating more than one possible robust stable solution for the controller gains, the number of centroids (k) in the kmeans clustering algorithm can also be set to the number of modes in the distribution of controller gains. Previously determination of the stability region centroids in the controller parameter space were done by looking for only circular (for two gains), spherical (for three gains) or (hyper)-spherical clusters (more than two controller gains) as shown in (Pan et al. 2011) , which has been extended here to find out centroids of more generalised complicated shaped clusters like ellipsoids or other structures by assuming that the centroid is likely to lie in the high density region of the clusters where most of the samples are accepted in the random Monte Carlo sampling.
Although the chosen design parameter space has been explored using 10 5 uniformly distributed random samples, certain areas of the design specification or the equivalent controller parameter space has more stable solutions than the others. Therefore, the present random sampling approach helps in understanding the shape of the stability region using various expressions for deriving the PID controller gains, while also giving the flexibility to specify the nature of the non-dominant poles (i.e. all real, all complex or mixed), as explored in the previous sections.
The k-means clustering algorithm starts with a random initial guess for the centroid of the multidimensional data space and iteratively move the centroids based on minimizing the squared Euclidean distance criteria from all the data points (Rogers & Girolami 2012) . However, to ensure that the best possible estimate of the centroid or the robust stable solution has been discovered in the iterative process, the k-means clustering has been run 10 times, for each case with random starting points and the best solution with minimum Euclidean distance is chosen as the final estimate of the centroid, signifying the most robust stable solution in the PID controller parameter space.
Therefore, for a given process model characterised by the constants
, the robust stable PID controller gains obtained via the dominant pole placement can be obtained using the following steps:
Step 1: Choose the non-dominant pole types amongst all complex, all real or mixed using the expressions in (9), (12) or (15) to map the open loop and desired closed loop system parameters on to the PID controller gains.
Step 2: Obtain the stabilizing PID controller gains using few thousands of uniformly distributed samples within a chosen range of all design parameters
Step 3: Cluster the stabilizing PID gains to get the centroid as the robust stable solution.
Step 4: Evaluate different performance measures with the robust stable PID controller on the nominal and perturbed process models.
Performance measures with the stabilizing PID controller gains
The previous section derives the expressions for obtaining stabilizing PID controller gains by choosing the nature of the non-dominant poles being all complex, real or mixture of them. However, in a realistic control system design problem, apart from the stability, the control loop performance is also of major concern. Therefore, the robust stable solutions might not always show an acceptable control performance. On contrary the controller setting for optimised performance criteria may not have a sufficient robustness against plant or controller parameter variation. Therefore, we chose to design the PID controller settings based on maximum robust stability and then compare the achievable control performances. However the robustness checking of optimally designed controllers is also a valid approach as previously studied for single control objective Das et al. 2011 ) and multiple conflicting control objectives (Das et al. 2015 ) (Das & Pan 2014) . Also, the parametric robustness of optimal controllers and optimality of robust design have been previously discussed in (Pan & Das 2016) .
After the robust stable solution is determined using clustering which yields the centroid of the arbitrary shaped stability region, few well-known performance measures are calculated next to compare the effect of having different type of non-dominant poles. Amongst these, both time and frequency domain performance measures are evaluated, however both of them are neither specified nor can be guaranteed together, under the present design approach, as also shown in (Das et al. 2011 ). However for a fair comparison we evaluate different control performances with the PID controller gains obtained using different non-dominant pole types e.g. gain and phase margin (Gm and Φm) and gain crossover frequency (ωgc) controlling the overshoot vs. speed of operation (Das et al. 2011) , peak sensitivity and complementary sensitivity (Ms and MT) , 2    norms for tracking or command following mode (servo) and disturbance rejection (regulatory) mode (Alcántara et al. 2013 ) (Arrieta et al. 2010 
The basic PID control loop with different inputs e.g. set-point (r), disturbance (d) and noise (n) and the measurement points e.g. error (x1), control signal (x2) and noisy process variable (x3) are shown in Figure 1 . To guarantee internal stability and also for evaluating different performance measures of a feedback control loop the following nine transfer functions in (17) play a major role (Doyle et al. 2013 )
These matrix shows the effective transfer functions from different inputs to various measurement points. Amongst the nine, four transfer functions play the central role to characterise the control system performance (Doyle et al. 2013 ) (Das & Pan 2014) (Herreros et al. 2002) 
These four transfer functions can be quantified using various systems norms ( 2    ) for different system inputs (Herreros et al. 2002) . It is clear from (18) that the sensitivity function   e S s has three different interpretations. In other words, the sensitivity function signifies the effective transfer function at all the three measurement points in Figure 1 , for set-point, disturbance and noise inputs, as also revealed from the same diagonal elements in (17). Therefore, in a process control design, it has been considered as one of the fundamentally important criteria which is often considered to be norm bounded in various tuning rules like MIGO (M-constrained integral gain optimization) and approximate MIGO (AMIGO) etc. for PI/PID controller design ) (Hägglund & Åstrӧm 2002 ).
First we check the performance     norms of the disturbance sensitivity function which can be represented by:
Using the final value theorem for Laplace transform, the functions with finite time domain integral are quantified and accordingly the set-point/disturbance inputs are selected between step/impulse as  The controller output or the control signal leads to the actuator limits and frequent oscillatory inputs to the actuator u J which can be represented by the 2    norms of the control sensitivity function. However, for standard PID controller structure without a derivative filter as being used here for obtaining 3 controller parameter based 3D stability regions, the control sensitivity becomes an improper transfer function with more zeros than poles which forbids calculating system norms directly. As an alternative approach, the 2    norms of the control signal can be computed for a step input to   
The set point tracking performance e J is analysed using the sensitivity function subjected to step change in the set-point yielding 
The noise rejection performance can be quantified as n J using the complementary sensitivity function subjected to impulse input in the set-point yielding
For all the different sensitivity functions, the corresponding 2    system norms and 2    signal norms are defined as:
The 2  norms here in (19), (21) and (22) represent large and sustained oscillations in the disturbance response, error signal and process variable, whereas the   norms denote the peak gain of the frequency response for a particular type of input (servo/regulatory). For stable closed loop system, the corresponding 2  norms of the sensitivity functions with a chosen type of input excitation need to be finite and should have a low-pass characteristic i.e. as   , the Bode magnitude plot should be drooping in nature.
Next we also compute the gain margin ( m G ), phase margin ( m  ) and the gain cross-over frequency ( gc  ) of the open loop system which signify the robustness, oscillatory nature and speed of the closed loop response respectively. These three important quantities for a given process model and set of PID controller gains can be derived as:
4. Simulation and results
Test-bench SOPTD processes for performance evaluation
For each of the nine classes of test-bench plants under investigation, we also tabulate which pole configuration and expression for the PID controller gains yield the largest stability region, as explored from the number of stabilizing solutions obtained from the Monte Carlo simulations on the chosen design parameter space. The percentage volume can be represented as the ratio of accepted stable solutions to the total number of uniformly distributed (10 5 ) random samples drawn from the chosen parameter space. In addition, the correlation amongst the stabilizing controller gains or the design parameters are also investigated. For example, it can be observed that a high cl  can only be achieved with small m i.e. allowing more effect of the non-dominant poles, thus unnecessarily affecting the control performance. Similarly, an inverse relation is observed between the stabilizing cl  and cl  . In principle, a high value of m is desired which keeps the effect of non-dominant poles on the control performance as minimum. However it will be evident from the simulation examples presented later that the high m regions are sparse and is also limiting the design specification on the cl  and cl  .
The nine classes of test-bench processes and their characteristics are as follows: 
with K = 1/3.2158, L = 1.2755, T = 1.0257, ζol = 0.5042, L/T = 1.2435>1. This is a reduced order model of a highly oscillatory higher order process
Delay dominant (L>T) overdamped (ζol>1) process (Bi et al. 2000) 2 9 2 ( ) 0.12 1.33 1.24
with K = 1/0.12, L = 2, T = 0.3111, ζol = 1.7239, L/T = 6.4288>1. This represents an HVAC system model between fan speed to the supply air pressure control loop.
The next sub-section reports the stability regions of each of these nine classes of test-bench processes, representing different dynamical behaviour with various lag to delay ratio and open loop oscillation levels.
Stability regions and the robust stable PID controller design for the test-bench SOPTD processes
Out of the 12 possible expressions (3 non-dominant pole types × 4 different coefficient orders of Laplace variable to find out Kp) for the stabilizing gains, we now identify the stabilizing data points within a range of design parameters for the expression where the number of stable solutions is maximum. The stabilizing data-points in the design parameter space K K K by an one to one mapping using the expressions in (9), (12) and (15). These sets of stabilizing controller gains are then fed to a clustering algorithm to find out the centroids of the stabilizing regions, for each of the non-dominant pole types. Next, the performances of these robust stable solutions are also compared, using various criteria introduced in section 3.2. Table 1 for the nine test-bench processes and different non-dominant pole types and expressions for proportional gain Kp. It is also evident from Table 1 that the all complex non-dominant pole type and the first (s 1 ) expression for Kp, yields a larger stabilizing region given by the percentage (%) volume or the number of stable solutions, obtained from the randomly drawn samples. This is due to the reason that for all four complex non-dominant poles, they have wider flexibility by adjusting their real and imaginary parts to stabilize the closed loop system. However, for the two complex/two real case, lesser number of nondominant poles can explore a larger portion of the negative s-plane. Similarly, a more stringent criterion is imposed for the all real non-dominant poles case, as they are forced to lie only on the negative real axis and cannot explore the entire negative s-plane, which gives them lesser degrees of freedom and hence yields smaller stability regions. For each type of non-dominant poles and for all the test-bench processes in Table 1 , the expression with highest percentage volume is highlighted in italics. Next considering the robust stable solution as the centroid of the three largest stability regions representing different pole types, we now compare the performances of these robust stable solutions. It is observed from Figure 2-Figure 4 that the stability regions are wider for high cl  with the two/four complex non-dominant poles, whereas the number of stabilizing data points are only fewer with a demand of high closed loop damping in the case of all real poles. This implies that the centroid of the stabilizing all real non-dominant poles will lie in low closed loop damping region and will yield a less sluggish response than that with the two/four complex non-dominant poles. Also, in the corresponding controller parameter space, the all real non-dominant pole case yields a higher value of Kd. The stabilizing controller gains having the highest percentage volume amongst the four alternative expressions for Kp in Table 1 are now clustered for each type of test-bench process and non-dominant pole types. The centroids of the stability region as identified by 10 independent runs of the k-means clustering algorithm can be considered as the robust stable PID controller gains and are reported in Table 2 for each type of processes and non-dominant pole type. The median distance of all the stabilizing samples from the centroid are also reported in Table 2 We now investigate which cluster has the highest spread in the 3D space of PID controller gains. We also report the median distance between the stabilizing samples and the cluster centroid or the robust stable PID controller gain. The complex shapes of the stabilizing cluster of data-points indicate a highly skewed distribution of the stabilizing controller gains as revealed from their histograms in Figure 14 . This skewed distribution is a result of different degree of influence of the design parameters or the equivalent controller gains on the shape of the stability regions for each type of testbench process. This indicates that a different variation of the PID controller gains is possible along different direction or alternatively different extent of parametric uncertainty in the plant model can be allowed using the robust stable solution for the PID controller gains (Silva et al. 2007) . Almost in all the cases of the lag-dominant plants, the all real non-dominant poles have the minimum spread (interquartile range) and hence the most compact cluster as revealed from the top panel of Figure 14 . However for the delay dominant and balanced lag-delay plants the spread become comparable but creates more outliers indicating distant stabilizing regions far away from the centroid which is also evident from the projected 2D scatter diagrams in Figure 8-Figure 13 . 
Performance of the robust stable solutions for the test-bench SOPTD processes
In this section, the control performance of the robust stable solutions are quantified for all the nine test-bench processes using the signal norms ( 2    ) or system norms ( 2    ) of different sensitivity functions, as introduced in section 3.2. The performances are quantified in terms of the disturbance rejection (d), control effort (u), measurement noise filtering (n), tracking error (e), gain margin (Gm), phase margins ( m  ) and gain cross-over frequency ( gc  ). Many recent literatures argued that in PID control loops, the disturbance rejection and the control signal affecting the actuator size are considered to be the two most significant criteria (Doyle et al. 2013 Table 3 that may help in understanding the robustness to gain variations, oscillations and the speed of the closed loop system respectively, for different robust stable solutions corresponding to the three non-dominant pole types. The corresponding time domain responses for control variable due to step change in set-point (left top), step change in disturbance input (right top), manipulated variable or the control signal for step change in set-point (left bottom) and control signal for step change in disturbance input (right bottom) are shown in Figure The all complex non-dominant pole case has the worst disturbance rejection performance and the two-complex/two-real case falls in between these two cases. The tracking performance is also the best for the all real non-dominant poles as revealed from the values of 2 e J and e J  in Table 3 and the responses of the control variables, subjected to a step change in the set-point in the left top panels of Figure 15-Figure 23 . For the all complex non-dominant poles, the step response is sluggish and highly oscillatory, amongst the three types of non-dominant poles. However the best tracking and disturbance rejection performance of the all real non-dominant poles comes at the cost of increased actuator size ( u J  ) or higher control effort ( 2 u J ) or both as reported in Table 3 and the two bottom panels of Figure 15-Figure 23 , for different test-bench processes. The noise rejection performance is also not always the best using the all real non-dominant poles, as evident from 2 n J and n J  in Table 3 . The gc  in Table 3 is always found to be the highest using the all real non-dominant poles, yielding a faster time response. But this increased speed of the robust stable solution comes at the cost of reduced gain and phase margin ( , m m G  ) in some cases. Therefore, as a summary, control systems where the disturbance rejection, speed of set-point tracking are of utmost importance, the all real nondominant pole based robust stable PID controller can be employed. In addition, the all real nondominant poles also produce the best phase margin particularly for the balanced lag-delay family of processes, as evident from Table 3 . are highly correlated with R>0.9, hence any one of them within the pair would be a sufficiently independent measure of the closed loop performance. This is inherently different from the trade-off based design approach for PID control loops, where it is usually considered that the performance measures are always independent of each other. Therefore, the correlation plots in Figure 24 for the all real nondominant pole case with best achievable overall performance indicate that improvement in one performance criterion may not always lead to deterioration of the others. In recent years, there have been many works e.g. (Das & Pan 2014 ) (Herreros et al. 2002; Pan & Das 2013 ) (Hajiloo et al. 2012 ) which have used multi-objective optimization for controller design by minimizing multiple conflicting objectives together. However, in most of these cases, the performance correlation analysis was not shown to illustrate whether a chosen set of cost functions or performance measures are at all independent which is an important criterion to judge before designing such optimization-based control systems. The performance correlation analysis in Figure 24 is particularly important in controller design tasks since there are many recent attempts with an aim of optimization based PID controller tuning using clearly redundant and highly correlated performance measures or cost functions which should have otherwise gone through such performance correlation analysis first, before applying heuristic optimization algorithms on them and comparing marginal performance improvement amongst various competing global optimizers. As prominent examples of such redundant and correlated cost function based PID controller design can be noted in (Panda et al. 2012 ) and elsewhere. In particular, some approaches reported a comparison of different cost functions with different units and also having different ranges which are unjustified e.g. in (Panda et al. 2012) . Moreover, for time domain tracking comparisons, usually integral performance indices like integral of absolute error (IAE), integral of squared error (ISE), integral of time multiplied absolute error (ITAE) and integral of time multiplied squared error (ITSE) capture the combined effects of overshoot, steady state error, rise-time, settlingtime and peak-time and do not need to be added separately in the cost function unlike the approaches reported in many recent works e.g. (dos Santos Coelho 2009) (Zhu et al. 2009 ) (Ramezanian et al. 2013 ) (Sahib 2015) (Bendjeghaba 2014) (Zeng et al. 2015) . Therefore including these time domain features either in the cost function along with an integral performance criteria can be considered redundant and unnecessary as previously adopted in (Zamani et al. 2009 )(Aguila-Camacho & DuarteMermoud 2013) or formulating customized cost functions as weighted average of many correlated cost functions (Das et al. 2011 ). In some cases, performance criteria in time vs. frequency domain can be expected to be highly correlated to each other from physical understanding of the underlying control principles e.g. overshoot vs. phase margin (Zamani et al. 2009 ). Another optimization based approaches in (Hasanien 2013 ) also reported tuning subset of controller parameters leaving the integral gain, optimization on fitted polynomials sampled on limited number of points in the search space, and even reporting nonzero steady state error in PID control loops which are unrealistic and limiting. However, our approach is not only an improvement over these literatures, reporting different system/signal norms for the robust stable solutions using a standardised set of traditional control loop performance measures but also investigates how much redundant information is embedded within these chosen set of control performance quantification measures. Various performance measures were also previously used in (Zamani et al. 2017 ) (Chen et al. 2014 ) (Das & Pan 2014) Pan & Das 2013 ), where explanations for such possible conflicts amongst a chosen set of cost functions can be found from physical understanding of the controlled, manipulated and other state variables as well as their role in the cost function formulation e.g. speed (gain crossover frequency) vs. overshoot (phase margin) trade-off, tracking vs. control effort trade-off, servo (tracking) vs. regulatory (disturbance rejection) trade-off etc. (Das & Pan 2014) (Alcántara et al. 2013 ). However, for multiple objective based control system design, a negatively correlated pattern or conflicting nature amongst the chosen cost functions is a necessary criterion to balance various hidden aspects of the overall achievable control performance, apart from finding only robust stable solutions what the present paper proposes.
4.4.
Invariance of the order of Pade approximation on the control performance Next, we show the effect of changing the order of Pade approximation using the best found robust controller i.e. using the all real non-dominant pole configuration which is found to have the fastest set-point tracking as well as disturbance rejection performances. The Pade approximation for the time delay term Ls e  can be represented in a general form (Silva et al. 2007) , with user defined order (NPade) as: 
where r is the order of the Pade approximation i.e. NPade = r.
Using (34), the Pade approximation for different orders of NPade = {3, 5, 7, 9} becomes: 
7 7 6 6 5 5 4 4 3 3 2 2 9 9 8 8 7 7 6 6 5 5 4 4 3 3 9   1995840  8648640  17297280  56  1512  25200  277200  1995840  8648640  17297280  90  3960  110880  2162160  30270240  302702400 2075673600 Now, the time delay term of all the nine types of test-bench processes have been approximated by (35). Approximation of the delay term using (35) not only increases the overall system order but also changes the process dynamics due to increased number of root locus branches. Now by increasing the Pade order as NPade = {3, 5, 7, 9}, the nine test-bench processes are controlled by the respective robust PID controllers which was originally designed using a third order approximation (NPade = 3) and the deviation in the performance measures have also been noted. The set-point tracking and disturbance rejection tasks for step input remain almost unchanged with the robust-stable PID controller even with higher order of Pade approximation which are shown for the three classes of processes in Figure 25 - Figure 27 respectively. The lag-dominant and balanced lag-delay plants show almost imperceptible difference with increasing order of NPade. However, for delay dominant processes, at the initial dead time phase of a step-input response, the number of peaks and troughs in the initial oscillations might vary depending on the delay approximation order NPade, although the overall dynamical characteristics do not change significantly due to the dominant pole placement criteria imposed in the controller design phase. Although in the design process the four roots of equation (10) are considered to be real, however due to the over-determined nature of the problem having 4 alternative solutions for Kp in (12), this would yield different stability regions, amongst which the largest one is selected as discussed before. These sets of stabilizing set of design parameters {m, ζcl, ωcl} are then mapped on to the controller parameter {Kp, Ki, Kd} space where the clustering is carried out to find out the robust stable solution with the largest stability region. However, using this controller gain does not always guarantee that the characteristic polynomial involving open loop process parameters and three controller gains upon factorization, would always yield real poles. The assumption of different type of non-dominant poles are just to get many alternative candidate expressions for controller gains, so that one can choose the most robust stable solution while also maintaining acceptable closed loop performance.
One of the biggest hurdles of pole placement controller design for time delay systems is any parameterized approach of coefficient matching of the characteristic polynomial is usually infeasible, due to having infinite number of roots. Therefore, the approximation method and order for the delay term need to adapt to the unknown number of closed loop poles. In order to keep the dominant dynamics intact upon variable order of Pade approximation, the effect of the rest of closed loop poles can be minimized using the non-dominance criteria, described above. To verify this, we have shown here the closed loop pole locations with different orders of Pade approximation. The true delay manifests itself as a very high order transfer function, thus creating many interlaced poles and zeros which the PID controller design should be able to handle as reported in Figure 28 for NPade varying from 1 to 10. It is clear from the pole-zero map in Figure 28 that the non-dominant pole is far away from the rest as expected and the closed loop poles with increasing order of Pade approximation move almost along a constant damping line such that the closed loop performances remain unaltered which are also revealed from the set-point tracking and disturbance rejection responses in time domain (Figure 25-Figure 27 ). It is also observed from Figure 28 that with the even order of NPade, the nondominant pole becomes real and for odd NPade, the non-dominant poles become complex conjugates, creating different patterns of closed loop pole locations for even and odd orders of NPade.
4.5.
Performance of the robust stable controller with perturbed plant parameters
In this section we now investigate the performance variations considering the process parameters to be uncertain around the robust stable solutions which were found as the centroids of the stability regions using k-means clustering. This was obtained by random sampling of the design parameter K K K , followed by applying k-means clustering algorithm to find out the centroid of the stability region in the 3D space of controller gains. These robust stable solutions are considered as the mid-points of the images showing the iso-performance contours where the midpoint represent the performance with fixed robust stable PID controller gains on the nominal process model parameters as reported in section 4.1. Moving towards a better performance as often done in optimization based controller design approaches using single or multiple control objectives may not necessarily yield a robust stable solution (Pan & Das 2016) . Rather here we take a different route and design a robust stable solution first (as the centroid of the stability region in controller parameter space) followed by investigating the resulting performance improvement or degradation for uncertain process parameters using this robust stable solution. The maximum allowable positive/negative perturbation in all the parameters are determined until at least one out of the 1000 randomly sampled values yields unbounded performance measure i.e. 2/∞-norms or gain/phase margins, within a chosen range of process parameters around the robust stable point (designed with the fixed nominal process model parameters) i.e.
This is justified from the fact that for linear control systems, the parametric uncertainty of the process under control can be equivalently expressed as uncertainty in the controller gains (Silva et al. 2007 ). Therefore, a robust stable solution at the centroid of the controller parameter space is expected to handle equivalent model parameter uncertainties, around its nominal values. It has been found that for the lag-dominant processes a maximum of 40-60% perturbations in all three parameters   L  where using the robust stable PID controller, the performance contours has many local maxima or minima as revealed from Figure 29 - Figure 37 for the nine test-bench processes. In all the contour plots a reddish hue represent a higher value and bluish hue represent lower value. For the balanced lag-delay processes (G4-G6) most of the performance criteria are highly influenced by the lag (T) compared to the rest two parameters  , ol L  which are observed from almost parallel lines along the axes with T in Figure 32 - Figure 34 . Also, a large phase margin ( m  ) can be maintained for low delay (L). Similar to the balanced lag-delay processes, the delay-dominant process (G7-G9) the lag parameter (T) has more influence to all the 11 performance criteria as shown in Figure   35 - Figure 37 , compared to the rest two process parameter   , ol L  . Moreover, low delay (L) has got mild effect to achieve a higher phase margin ( m  ) and hence less overshoot for the delay-dominant processes. 
4.6.
PID controller tuning rule generation for robust stability
The robust stable PID controller gains as the centroid of the stabilizing cluster of points for each test-bench processes can now be condensed in the form of polynomial functions or tuning rules involving the process parameters like delay to time constant ratio (L/T) and open loop damping (ζol), while following a similar method adopted in (Das et al. 2015) using polynomial regression analysis on the open loop process model parameters. However in this case the criteria is changed from several optimal performances to the robust stable solutions unlike (O'Dwyer 2009) (Das et al. 2015) . The tuning rule generation for robust stability can be summarized as (36) for mapping the open loop process parameters in (25)-(33) on to the controller gains in Table 2 . Owing to the lesser number of process models (9 plants) and in order to obtain a consistent estimate, the maximum order for Kp tuning rule is limited to 2 in both the free parameters   , , , This final model order selection (amongst many other combinations) to develop the optimum tuning rule for the PID controller gains satisfying all the nine test-bench plants was carried out using the adjusted coefficient of determination (Adj R 2 ) criteria as shown in Table 4 . This is a preferred criterion since it penalizes both model complexity and fitting error, rather than using the simple criteria like root mean squared error (RMSE) and R 2 as both of them are prone to overfitting small datasets. It has been found that the best fitting performance ( 2 1 Adj R  ) is found for the integral gain Ki. The best fitted coefficients of the tuning rule (36) for the three PID controller gains are given in (37) along with their respective uncertainties. The simulations were run on a 64-bit Windows PC with 16 GB memory and an Intel I5, 3.40 GHz processor on 4 parallel cores. The run times of the Monte Carlo sampling increases with the number of samples drawn within the chosen interval of the design parameters which are compared in Figure  38 for three different non-dominant pole types. The corresponding percentage volume of the stability region converges to their final value as the number samples increases which is shown in Figure 39 . The k-means clustering algorithm also takes slightly longer time when finding the centroid in a larger volume of datasets which is also shown in Figure 40 . It is important to note that here the sampling or clustering algorithms are employed in a 3D parameter space. Usually for the same dimension and number of data-points, increased number of compact clusters in the data-set may increase the computational time of the k-means algorithm (Velmurugan & Santhanam 2010) . Similar to the previous cases, here as well 10 runs of the k-means algorithm were carried out and the best results with minimum distance criteria was selected in order to avoid the effect of randomized searching from different initial conditions. 
4.8.
Hypothesis testing using the sampled data for different processes and non-dominant pole types
As shown in Table 1 , there can be 27 possible combinations for different process types based on lag to delay ratios (lag-dominated, balanced and delay-dominated), damping levels (under-damped, critically-damped and over-damped) and non-dominant pole types (all complex, all real and mixed type). It would be interesting to study whether these groups have significant effect on the sampled data-points which represent the stability regions for each case. Here, the number of factors is 27 (different combinations of plant and non-dominant pole types) and there are 6 response variables ( , , , , , (Field et al. 2012) . The simple ANOVA also would have ignored any relationship between the response variables which can be seen from the joint scatter plots reported in the earlier sections amongst the set of PID controller gains and the design parameters. Before, the MANOVA test was conducted, it is worthwhile to look at the underlying distributions of the datasets representing the stability regions in the joint parameter space of PID controller gains and three design variables. The group-wise scatter plots in Figure 41 show that there are some partial overlap between the 27 groups. However, the hypothesis testing will help us to answer the question whether the mean of these distributions are different or not.
For the MANOVA test, usually there are some assumptions about the nature of the dataset e.g. independence, multivariate normality and homogeneity of the covariance matrices. The normality of the datasets are violated as observed from the scatterplots in Figure 41 and also in the earlier sections as well as more formally from the Kolmogorv-Smirnov test on the univariate datasets out of the multivariate one ( , , , , , 
In (38), the hypothesis sum of squares and products matrix ( h Q ) and the residuals sum of squares and products matrix ( e Q ) are given as:
where,
The other parameters in (38) are defined as:
with ABC D  , B is the matrix of coefficients, A is the matrix defining hypothesis based on the between subject models, C is the matrix defining hypotheses based on the within-subjects model and D is the matrix containing hypothesized value. More details on the multivariate hypothesis testing can be found in (Davis 2002) . It has been suggested in (Field et al. 2012) , that even though the conditions like multivariate normality or homogeneity of the covariance matrices within the groups are violated, some measures can still be useful like the Pillai-Bartlett trace. However the Roy's largest root statistic may be affected by the non-normality (especially platykurtic distributions) as well as non-homogeneity of the covariance matrices as discussed in (Field et al. 2012) . The repeated measure MANOVA results are given in Table 5 which shows that for all the different statistics, the group differences are indeed significant (p<0.01). However, with an assumption of independence, as such each data-point came from different plants and there being no relation between the data-points which were actually sampled from the same plant, we can use the standard one-way MANOVA. The one-way MANOVA results for all the 6 observed variables show significant results (p<0.01) for comparing 27 groups with the respective p- It is common to do a post-hoc analysis after a significant MANOVA test, by carrying out several univariate ANOVA tests with Bonferroni correction by diving the significance level with the number of tests conducted. However due the violation of the normality condition, here we carry out the nonparametric version of ANOVA i.e. the Kruskal-Wallis test. This test uses the null hypothesis that each of the 6 parameters   , , , , ,
between different groups come from the same distribution whereas the alternative hypothesis being that not all the samples come from the same distribution. The respective 2  -statistics (instead of the F-statistics in standard one way ANOVA) and p-values have been reported in Table 6 for each of the six controller gain and design parameters, along with the group-wise box-plots in Figure 42 which clearly shows that their medians are different as verified from the hypothesis tests. With the Bonferroni correction, these six univariate nonparametric tests have shown significant results (p<0.01) for all the variables amongst   , , , , ,
, indicating significant group differences amongst the 27 possible combinations. The significantly low p-values show that the tests reject the null hypothesis indicating a significant group difference. 
Discussions
This paper proposes three types of dominant pole placement based PID controller design methods for processes with time delays using different criteria for the non-dominant poles i.e. all complex conjugate, all real and mixture of them. The assumption of different types of non-dominant poles are used to get many alternative candidate expressions for the PID controller gains, so that the designer can choose the most robust stable one amongst competing solutions, while also maintaining acceptable closed loop performance, characterised by 11 different control performance measures which is followed by a correlation analysis amongst them. Although the present design was primarily focussed on dominant pole placement technique, depending on the nature of the dominant poles the closed loop performance may vary drastically. Also, the dominant pole placement parameters cl cl m   , there can be many alternative stabilizing controller gains which can form a stability region in the controller parameter space which was found out by randomly sampling the specified interval of design parameters. The robust stable solution is chosen as the centroid of the stability region for different constructs of the characteristic equations considering either all real, all complex or their combinations for the closed loop non-dominant poles. However, as a side effect of such robust stable design, while satisfying the dominant pole placement criteria, the other control performance objectives like servo/regulatory, tracking/disturbance rejection, control effort, noise rejection tradeoffs in the form of various system/signal norms as well as traditional frequency domain measures like gain/phase margin, gain cross-over frequency might take some arbitrary values, rendering unacceptable or poor overall closed loop performance. It is well known that all these performance measures cannot be directly controlled in either the pole placement or robust stable design approaches but may be of prime concern in many industrial process control applications. Therefore our design approach first finds out the centroid of the stabilizing PID controller gains, thus maximizing parametric robustness of the process model, since uncertainty in the linear system parameters can be equivalently represented as uncertainty in the PID controller parameters (Silva et al. 2007) . Then with the best robust stable solutions which can be judged either by comparing the highest volume of the stability region or some other time/frequency domain performance criteria, we investigate rest of the performance measure as an additional exploration. However, incorporating multiple of these desired criteria can be better managed under a unified or conflicting control design within a linear or bilinear matrix inequality (LMI/BMI) approach or by using a multi-objective optimisation which can be investigated in a future research.
The overdetermined nature of the PID controller design problem having 4 alternative solutions for Kp in different non-dominant pole-types produce different volume and shape of the stability regions. Amongst them the largest stability region as indicated by the maximum number of accepted stable solutions within the same interval of design parameters, is selected. Then k-means clustering algorithm is used to find out the robust stable PID controller gains within the largest stability region. It was observed from the previous sections that the robust stable PID controller which has been designed considering the all real non-dominant pole criteria performs the best compared to the other non-dominant pole types i.e. all complex conjugate and the mixture of them. Again, the robust stable PID controller, designed with all real non-dominant poles, is also capable to handle the SOPTD processes with large parametric uncertainties around their nominal values where this uncertainty has been considered in the process parameters  , , ol L T  , instead of the controller gains. Also, simple tuning rules has been established via polynomial regression analysis to design the PID controller gains to achieve robust stability using the nine types of test-bench SOPTD processes. Computational complexity analysis of the two step algorithm has been provided, followed by hypothesis testing for the distribution of the sampled data-points for different process and non-dominant pole types.
However, in spite of demonstrating the effectiveness of the proposed PID controller design methodology to handle the stable test-bench SOPTD processes e.g. performance invariance against order of time delay approximation using Pade method, there are also some limitations of this approach:
 The design has not considered the effect of any strong zero or lead dynamics in the time delay processes. As the presence of the time delay term in the SOPTD process itself makes the system to have an infinite order (upon infinite series expansion of the exponential term), the inclusion of the zero dynamics in the delayed process makes it even more difficult to design dominant pole placement criteria based PID controller which can be considered as our future scope of research.  Performance contours and stability regions are obtained by random sampling but not through any deterministic analytical expression.
 This design methodology assumes about prior knowledge of the plant model, although in a more realistic case the plant models can be uncertain either being norm bounded or having varying parameters within certain intervals. For such a scenario, the robust stable PID controller design usually should not be based on the dominant pole placement criteria on the nominal system and is left as future scope of research.
Regarding the main achievement of this paper, we first attempt to not only find the stability region of an SOPTD process which can be thought of a higher order system under Pade approximation of the delay term but also, we can maintain a desired equivalent delay-free second order response, characterised by a user-specified closed loop damping and frequency. In other words, the effect of undesired poles and zeros due to the Pade approximation of delay term can be constrained with the non-dominance criteria (controlled by the parameter m) such that even with arbitrary order of NPade and hence unknown number of poles and zeros in the closed loop system, the dominant process dynamics can still be maintained near to the desired level which has been successfully shown in Figure 25-Figure 27 . It is a new finding on top of the existing dominant pole placement PID controller design related literatures mentioned before, since our method is insensitive of the actual number of non-dominant poles/zeros, arising from arbitrary order of Pade approximation for the delay term and thus both the servo/regulatory modes can be maintained at an acceptable level for such time-delay systems via a simpler dominant pole placement approach.
Conclusion
In order to handle SOPTD processes, dominant pole placement based PID controller tuning has been considered with three different non-dominant pole types. The k-means clustering technique is used here to achieve the robust stable PID controller gains inside the stability region in the controller parameter space, obtained by random Monte Carlo sampling of the chosen pole placement parameter intervals. Different closed loop performance measures in both time and frequency domain have been analysed for nine test-bench SOPTD processes with their corresponding robust tuned PID controller which was originally designed using analytical criteria derived for a third order Pade approximation (NPade = 3). It has been shown later that the proposed robust-stable PID controllers are able to control the resulting higher order processes and dynamics of arbitrary number of poles and zeros, due to expansion of the delay term i.e. increasing the order of the Pade approximation while maintaining a similar closed loop performance. In future, the proposed methodology can be extended for nonlinear and uncertain processes. Also, to design a digital control scheme, the proposed methodology can be further extended in the discrete time version where choice of the sampling time as a fraction of desired closed loop time constant may play a significant role.
